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Tensors and why tensors?
Quick review on CP-tensor decomposition
Convex Decomposition

Tensor Amplification

Similarity Score for Tensors
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What i1s a tensor?

Tensor is a multi-dimensional array

1d-tensor 2d-tensor 3d-tensor
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source:https.//www.slideshare.net/yokotatsuya/principal-component-analysis-for-tensor-analysis-and-eeg-classification
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color video is 4th-order tensor

Fi - 3rd order t :
igure: 3rd order tensor Figure: 4th order tensor

sources:https://www.researchgate.net/publication/307091456_Quantifying_Blur in_Color Images using Higher Order Singular Values, https://www.slideshare.net/BertonEarnshaw/a-brief-survey-of-tensors
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Multilinear algebra

Let Vi, Vs, ..., V4 be vector spaces. A function

f:V1><V2><...Vd—>(C

is called multilinear if it is linear in each factor V,. The space of
such multilinear functions is denoted V" ® V5 ® ... ® VJ and
called the tensor product of the vector spaces V", Vi ... V.
Elements T € V] ® V5 ®...® V; are called tensors.

Let V = R"” be a Euclidean vector space with basis €1, e, ..., €,.
On V we have an inner product that allows us to identify V with
its dual space V*. We consider the d-fold tensor product of V:

V®d:y® V@@ \/JanXnX---Xnand (1)
d
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Tensors - equivalent definitions

There are various ways to think of elements of V9. The following
statement is well known.

Lemma

There are bijections between the following sets:
@ the set of tensors V®9;

Q@ (V®9)*, the set of linear maps V&9 — R;
© the set of R-multilinear maps V¢ — R

The bijection between (2) and (3) follows from the universal
property of the tensor product. Since we have identified V' with its
dual V* we can also identify V&9 with (V*)®9 = (V&9)*  We will
frequently switch between these different viewpoints.
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Why tensors and tensors decompositions?

@ To analyze big data (As starting point express the tensor as
sum of meaningful parts)

For dimension reduction
To exploit the structure of the data
To reduce the computational complexity

To deal with missing data (tensor completion)

To deal with noisy data
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Tucker decomposition

Tucker decomposition decomposes a tensor into a set of matrices
and a small core tensor. Initially described as a three-mode
extension of factor analysis and principal component analysis.
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source: https.//iksinc.online/2018/05/02/understanding-tensors-and-tensor-decompositions-part-3
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CP - PARAFAC

CP decomposition can be considered as a more restricted Tucker
decomposition. In CP, the core tensor is restricted to be diagonal.

X =~ )E:Z)\iai@bi(@ci: G, A, B, C]
i=1

Tensor rank: smallest number of rank-1 tensors that can generate
X by summing up.
We want to find a rank r approximation of the tensor X.

source: Leyuan Fang, Nanjun-He, and Hui Lin;"CP tensor-based compression of hyperspeciral images
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CP decomposition

Our goal is solving following problem:

minimize p||X — X|[F =) (X(i,j, k) — X(i,}, k))?
1.J,k
This is a non-convex problem with three sub-convex problems.
A common method for CP decomposition and other tensor-related
optimization problems is Alternating Least Squares:
@ Fix all but a subset of the unknowns

@ By choosing different subsets, cycle through all the unknowns

@ Repeat until converged
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CP decomposition- Limitations

- WARNING @ CP decompositions are not always

//\ numerically stable

@ Convergence is very slow

@ Algorithm may not converge to a global

minimum
CHALLENGES o It is heavily dependent on the starting
~ AHEAD | suess
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Numerical Instability in CP decomposition

I =e®@e®@eteRe®e+eQe Ren.

T has rank 3, but it can be approximated by rank 2 tensors.
Th = n(er + %6‘2) ® (e + %62) ® (e1 + %ez) — ne; ® e1 ® eq, then
Iimp—ocTn=T.

Neriman Tokcan Tensors for multi-dimensional data analysis



Different decomposition and fit at each run

1 X=tensor(rand(2,3,4))

2 % Generates a random tensor of size 2x3%4
3 Y=cp_als(X,3)

4 % Approximates a rank 3 decomposition of X

5

6 CP_ALS:

7 lter 1: f = 6.771001e—01 f—delta = 6.8e—-01
8 lter 10: f = 9.312852e—01 f—delta = 1.5e—-02
9 lter 20: f = 9.778946e—01 f—delta = 6.4e—04
10 lter 24: f = 9.787954e—-01 f—delta = 9.4e—-05

11 Final f = 9.787954e—-01
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CP-local minimums

X is a 3rd order tensor of size 3 x 4 x 5. We run the algorithm 40
times.

|
095+ | | || ' A
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el | | H

fit for the decomposition, r=3
:

0.75 I l{

07 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
running the algorithm 40 times
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Nuclear decomposition

For a given tensor 3rd order tensor A, we want to find a
decomposition

r
A= Z Ui Q@ vi & w;
=1
such that

r
> lui ® vi @ wil]
i=1

IS minimal.

The smallest value in (3) is called the nuclear norm and it is
denoted by ||Al|.. The decomposition in (2) is called nuclear
decomposition.
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Spectral norm

The dual of the nuclear norm is the spectral norm ||.||,. The

spectral norm || T||, of atensor T € V = R® G ® B is defined by
ITllo:=max{|T-(x@y®2z)| |[x]|=lyll =zl = 1}.
We have

[Tl == lim [[T|z74
d—o0

where

IT]

1/d
o,d = (/ \T-(X®y®z)\dd,u> .
SP=1xS§a-1xsr—1

Suppose that d = 2e is even.
/ T (x@y®z2)| du=
Sp=1xSa-1xSr—1

:T®d./ (x®y®z)®dd,u.
SP=1xSa-1xsr—1
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Approximation of the spectral norm

Up to permuting the tensor factors, we have the following equality

/ (x®y©z)*dy=
SP=1xSa-1xsr—1

This integral is over the (p-1) unit sphere with the normalized
Haar measure. Because the Haar measure is O(V)-invariant ( 77),
the resultant tensor is also O(V)-invariant.
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Invariant tensors

The orthogonal group is defined as
O(V) = O,(R) = {A € R™" | AAT = I}

The group O(V) acts on the n-fold tensor product space
as follows. If T = Z}:l Vi1®Vi2a® - ®vig € V®is a tensor,
then A € O(V) acts by

AT =21 A1 QA2® - @ Avq. (4)
The subspace of O(V)-invariant tensors is

(VENOW) — (T c VO | A. T=Tforal Ac O(V)} (5)
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Fundamental Theorem of Invariant Theory

The space (V®9)PWV) =0 if d is odd. If d = 2e, the space
(VO)OW) of O(V)-invariant tensors is spanned by all multilinear
maps of the form

€

(V17V27°'°7Vd)H H<Vik7vfk> (6)

k=1

where {1'1, i2, ooy ie,jl,jg, oo ,je} — {1,2, . d}

The invariant tensor in (6) will be represented by its Brauer
diagram.
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A labeled Brauer diagram of size d = 2e is a perfect matching

graph with vertices labeled 1,2,...,2e edges between i, and j, for
k=1,2,...,e. Thereis a unique linear map Lp : V¥4 — R such
that

Lb(i @& vy) = Mp(v1,v2,...,vq) =
— (Vil ) le)(vi2 ' VJ2) te (Vie ' VJe) (7)
There is a unique tensor Tp € V€9 such that Lp(A) = Tp - A for

all tensors A € O(V).
We also will represent this invariant tensor by 07/192J2 ... gleJe
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Brauer diagrams

if e=2 (and d = 4), then the Brauer diagrams are

O—6 @

@

We will give the corresponding maps and tensor of the third

diagram Dj.
Lp;(vi ® v2 @ v3 ® va) = Mp,(v1, va, v3,va) = (v1 - va)(v2 - v3)
If e1,..., e, is a basis of V/, then we have
n n
Tos =) D ei@e@e@e
i=1 j=1
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Brauer diagrams-cycles

We can view 912 as an element in V ® V. but also as a linear map
VoV =R Ifweapply 012 € (V® V)* to 0%2 € V ® V, then
we get > " (e, e/) = n. In diagrams, we can write this as:

Neriman Tokcan Tensors for multi-dimensional data analysis




Partial Brauer Diagrams

A partial Brauer diagram of size d is a graph with d vertices
labeled 1,2, ...,d whose edges form a partial matching.

To a partial Brauer diagram D with e edges, we can associate an
O(V)-invariant multi-linear map Mp : V¢ — v®(d=2¢) and 3
linear map Lp : V&9 — y®d—2e

For the diagram:
1—3 5
1S
we have
Mp(vi,va,...,v6) = (v1-v3)(va- v5)vo ® v € VAK:
for vi,w,...,vg € V.
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Inner product of invariant tensors

We compute the inner product 7p, and 7p, where D; and Dy are
the diagrams below:

1—3 5 1 3 5
D1: / D2: ‘ >< (8)
2_ 4 6 2 4" 6

To, - Tp, = Ze,-®ej®e;®ek®ek®ej

i,k
(Z ep®ep®eq®e,®e,®eq> =
P,q,r
Z (i - en)(ej - ep)(er - eg)(ex - er)(ex - &)(e - eg) = n*. (9)

I.J,k,p,q,r
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Inner product of invariant tensors

We can visualize this computation as follows

AR R

We overlay the diagrams. The indices of the edges in a cycle must
all be the same. Since there are two cycles, namely i/, p,j, g and
k, r we essentially sum over two indices and get n°.
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General rule for inner product

The dot product of two tensors Tp,, Tp, € V®9 can be computed
as follows. We overlay the two diagrams Dy and D, so that the
(labeled) nodes coincide. Then Tp, - Tp, = n* where k is the
number of cycles (including 2-cyles).

Suppose that T4 = Tp where D is Brauer diagram on d = 2e

vertices, and Sy = ) g Te, where the sum is over all Brauer
diagrams E on d vertices. Then we have

Tg-Sg=n(n+2)---(n+d—2).
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For e = 2, we get
1
:H H+l_l+I><I:n2+n+n:n(n+2). (11))

[+ X)) -

o—o
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Back to integrals

Proposition

2 . 1

Let U = [,, v®?¢ dpu. Since U is O(V) and Log-invariant, it is a
linear combination (coefficients are same) of Brauer diagrams. So
we have U = CS». where C is some constant. Let D be some
Brauer diagram on d vertices. The value of C is obtained from

1= / du = / (Tp - v®°¢)du = Tp - / vE%e dy =
Sn—1 Sn—1 Sn—1
C(To-Sq) =Cn(n+2)---(n+2e—2).
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We now consider 3 euclidean R-vector spaces R, G and B of
dimension p, g and r respectively. The tensor product space

V = R® G ® B is a representation of H := O(R) x O(G) x O(B).
We are interested in H-invariant tensors in V. We have

(V®d)H ~ (R®d)O(R) R (G®d)O(G) R (B®d)O(B). (12)

We see that (V®9)" is spanned by diagrams with vertices
1,2,3,...,d and red, green and blue edges such that for each of
the colors we have a perfect matching. This means that each
vertex has exactly one red, one green and one blue edge.

A colored Brauer diagram of size d = 2e is a graph with d
vertices labeled 1,2,...,d and e red, e green and e blue edges

such that for each color, the edges of that color form a perfect
matching.
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Colored Brauer diagram-Example

corresponds to the linear map Lp : V®¥* = (R® G ® B)®* = R
defined by

(19061 ®c1)R(2ObhR®)®(a3Rb3®c3)® (a4 ® ba ® ca) —
(al . 32)(33 . 34)(b1 . b4)(b2 . b3)(C1 . C3)(C2 . C4). (14)
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Approximation of spectral norm d=2

Suppose that d = 2. Then we have

/ X®Xd,u: %SR’Q, / y®yduz %SG,%
Sp—1 Sq9-1

and / z®Qzdu = %8372.
Sr—l

Therefore, we get

/SPlxsqlxsrl(X Xy &® Z)®2 du = ﬁSR,Q 0 SG,Q 0% 8372,

In diagrams, we get

°
/ (X®y®z)®2du:ﬁ H
SP=1xSa—1xSr—1 ®

So we have

(]
T2 = (To ) (& ) = &7 7= &I
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Approximation of spectral norm d=4

X4 . 1
/SP—1><SCI—1X5r—1(X®y ®z)" dp = p(p+2)q(q+2)r(r+2)5R,4®5G,4®53,4-

Sr4 @ 8G 4 =

-(0 I )e( o)
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Approximation of spectral norm d=4

SR,4 X SG,4 X 8374 —




Approximation of spectral norm for d=4

I TI54 =

[ Jes] Jro] o

27

o—o
.7

This is a spectral-like norm and dual of this norm is a nuclear-like
norm
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Amplification- rank 1 approximation

Suppose that the singular values of Aare A\{ > Ao > ... > A\, >,
then the spectral norm of A is A\{. The singular values of

®(A) = AA'A are A3, ..., A3, So ® amplifies the largest singular
value relative to the other singular values. We define

®(A) = ®(A)/||P(A)||. One can find the main component in the
singular value decomposition by iterating ®. For tensors, we define

T) = Tv,w,z3v w R Z. 16
A7) /V|=|W=Z=1 ( Frewe 19

This operation amplifies the low rank structure of the tensor T. As
n— oo, ®(T)" typically converges to a rank 1 tensor rapidly. It is

realted to spectral norm approximation, beacuse of the relation
| T]loa =((T), T).
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Tensor decomposition by amplification

function DECOMPOSE(T, r, n)

E=T
s=0
while s < r do
s+—s+1
U+ ®(E)
Approximate U with v = as ® bs ® cs
Choose A1, ..., As with ||E|| minimal, where
E = T—()\1V1+---—|—)\5v5)
end while

return decomposition T = A\jvy +---+ Asvs + E
end function
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Test- rank 1 approximation

T is a 10 x 10 x 10 tensor of rank 10, where components are
random unit vectors independently drawn from the uniform
distribution on the unit sphere.

Tensor24 100 run of cp_als for rank 1 approximation Tensor24 cp_als number of iterations each run
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0.055 [ ' V v
0.05 . A . . . . . . . 0 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 10 0 10 20 30 40 50 60 70 80 90
runs of cp_als 100 runs

cp fits: min=0.0073, mean=0.0806, max=0.0964
cp iteration numbers: min=5, mean=28, max=>58
amplification: fit=0.0964, iteration number=10
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Test 2-more regular cp_als
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Tensor18 cp_als rank 1 approximation
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Tensor18 cp_als number of iterations each run
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0 10 20 30 40 50 60 70 80 90 100
100 runs

cp fits: min=0.0821, mean=0.0974, max=0.0989
cp iteration numbers: min=4, mean=9, max=26
amplification: fit=0.0989, iteration number=2
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Test on tensor decomposition/ denoising

We started with a random 50* 50 *50 tensor of rank 400,

T = Zjﬁ‘i a;j ® bj ® ¢; where components are random unit vectors,
independently drawn from the uniform distribution on the unit
sphere. We then added a random tensor E with ||E|| = 20. We
created a noisy tensor T, = T + E, and used three methods for
denoising. Each method gives a denoised tensor Td and we
measured the mean squared error || T — T4l|°.

Mean squared error | Signal/Noise ratio (dB)
No Denoising 400 0
CP-ALS 388 0.13
HOSVD 340 0.70
Amplification 193 3.17

Neriman Tokcan Tensors for multi-dimensional data analysis



